Ultra-spinning black holes in higher dimensions have qualitatively similar thermodynamical properties to the black strings/p-branes-they exhibit a black membrane-like phase. In these notes we will explore which doubly spinning black holes and black rings show this black membrane-like phase and pinpoint the threshold of these regimes. For the same cases we will study the thermodynamical instabilities in the grand canonical ensemble and compute the zeros of the Hessian of the Gibbs potential. Comparing our results, we will show that the thresholds of the black membrane phase and the thermal instability do not necessarily coincide.
Introduction
The spectrum of regular stationary asymptotically flat black hole solutions, as solutions of the Einstein equations, is far richer in dimensions bigger than four (see [1] for a concise review). In D space-time dimensions there is more room to allow for solutions with nonspherical event horizon topologies such as S 1 × S D−3 (black rings [2] [3] [4] ), S D−2+p × T p (black p-tuboids [5] ), S 2 × S D−4 (blackfolds [5] [6] [7] ) and S D−2−p × R p (black strings/p-branes or in general black membranes [8] ). Interestingly enough, in higher dimensions certain rotating black holes do not show an upper bound on the angular momenta (for fixed mass), and are said to be ultra-spinning [9] . In these regimes the thermodynamical properties of the compact black holes resemble those of the extended black strings/p-branes -or black membranes in general. Moreover, at the level of the metric the geometry of the fast spinning compact black hole resembles that of an extended black hole. This simple observation was then employed to find new approximate analytical black hole solutions through the thin-black ring/blackfold approach by bending the extended black holes [4, 10] . Identifying which black holes have this membrane-like phases is therefore relevant in this context too. It is our aim to find these transition points to the black membrane-like phase for a wide range of black holes with at least two angular momenta. To extract this information we will conduct a detailed analysis of the thermodynamical properties to clearly define the membrane-like behavior and identify the transitions points.
The existence of the ultra-spinning limit resembling black membranes has a remarkable consequence. Black membranes were shown to be classically unstable [11] so that the ultra-spinning black holes would inherit the Gregory-Laflamme instability. The threshold of the classical instabilities requires a linearized analysis of the perturbations of the black hole solutions that we do not aim to explore here. However as conjectured by [12] (see also [13] ) gravitational backgrounds with translationally invariant horizon develop a tachyonic mode (negative non-conformal mode) whenever the specific heat of the black brane geometry becomes negative. By studying the zeros of the Hessian of the Gibbs potential, following [14] , we find the threshold of the thermodynamical instabilities of the black holes with at least two angular momenta (in the grand-canonical ensemble) that may correspond to the zero mode of the classical instability.
One then wonders whether the thresholds of the black membrane phase and the thermal instabilities in the grand canonical ensemble coincide. It was observed in [15] that, for ultra-spinning spherical black holes with only one non trivial angular momentum, there is a tight correspondence between the thresholds of these regimes. A complete thermodynamic analysis, though, should be based on the full Hessian of the thermodynamic potential rather than only a study of the determinant. Comparing our results of the thresholds of the membrane-like phase and the thermodynamical instabilities we find that these two coincide for the spherical black holes with at least two (equal) angular momenta but they do not match for the less symmetric doubly spinning black ring. In this way we find that the connection suggested in [15] is particular to the spherical black holes, but not universal. Further details can also be found in [14] .
Framework
We start by recalling the description of quasilocal formalism [16] supplemented with counterterms. To define the conserved charges we use the divergence-free boundary stress tensor proposed in [17] :
where Ψ = √ 3/ √ 2R, h ij is the induced boundary metric, and R ij is its Ricci tensor. A rigorous justification and more details about this proposal can be found in [18] [19] [20] .
Here, I is the renormalized action that includes counterterms,
K is the extrinsic curvature of ∂M and = +1(−1) if ∂M is timelike (spacelike). Moreover, the thermodynamic (effective Gibbs) potential associated to the grand canonical ensemble is
If the boundary geometry has an isometry generated by Killing vectors ξ t = ∂ t , ξ φ = ∂ φ , and ξ ψ = ∂ ψ , and Σ is the hypersurface(with normaln i ) then the conserved charges are
Doubly spinning black hole
The Einstein equations in higher dimensions have spinning black hole solutions [21] . We use the explicit black hole metric in Boyer-Lindquist coordinates to compute the boundary stress tensor and we obtain:
Using the definitions (3) and (4) we find the Gibbs potential and the charges respectively.
Doubly spinning black ring
Some properties of the doubly spinning solution including the structure of the phases in the microcanonical ensemble were discussed in [22] . For a regular black ring solution, the parameters ν and λ are constrained to satisfy 0 ≤ ν < 1 , 2 √ ν ≤ λ < 1 + ν. In the limit ν → 0 the black ring with one angular momentum (J φ ) is recovered (J ψ is the angular momentum on S 2 ). The limit λ → 2 √ ν was carefully studied in [22] and shown to correspond to regular extremal black rings.
The components of the boundary stress tensor relevant to our studies in the coordinates of [22] are
where
). Using (3) we find G = πk 2 λ/(1+ν−λ), and by plugging the expressions (6) in (4) we find the expressions for the conserved charges.
Membrane-like phases of black holes
The transition of black holes [21] , from behaving like a spherical black hole to behaving like a black membrane as the spin grows, was established to be at the minimum of the temperature [9] . From that point onwards, the temperature increases in a similar way as for the black brane temperature.
The same result was obtained by using a different method [23] , namely finding the divergences of the 'Ruppeiner curvature' [24] . The Ruppeiner curvature, which is the scalar curvature of the Hessian matrix of the entropy, blows-up exactly at the same value signaling a thermal instability of the system. However, the transition to a membrane-like phase of the rapidly spinning black holes can be established from the study of their thermodynamics. The location of the threshold of this regime is signaled by the minimum of the temperature and the maximum angular velocity as functions of the angular momentum.
It was observed in [15] that, for ultra-spinning black holes, this is in tight correspondence with a vanishing eigenvalue of the Hessian of the Gibbs potential. A complete thermodynamic analysis, though, should be based on the full Hessian of the thermodynamic potential rather than only a study of the determinant. We will see in the next subsection that the membrane phase of a doubly spinning ring is not signaled by a zero-eigenvalue of the Gibbs potential's Hessian.
For ultra-spinning black holes, there is a direct relation between (response functions in) the microcanonical and grand canonical ensembles. To see that, we compare the following response functions:
We have checked that in the particular case of the singly spinning black hole, indeed, these two response functions are inverse proportional at the particular point where the temperature has a minimum. Therefore, an inflexion point in the microcanonical ensemble corresponds to a divergence of the corresponding response function in the grand canonical ensemble. This may well be an explanation for the results obtained in [15] . Moreover, this point should not be considered as a sign for an instability or a new branch but a transition to an infinitesimally nearby solution along the same family of solutions. The numerical evidence of [15] supports this connection with the zero-mode perturbation of the solution.
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We now examine the situation for a more general family of ultra-spinning Myers-Perry black holes with multiple spin parameters, a i , where i = 1, 2, . . . , N and N = [(D − 1)/2]. The black hole is characterized by the mass parameter μ and the horizon radius r h by which we can express the thermodynamics.
A sufficient, but not necessary, condition for the existence of ultra-spinning black holes was given in [9] . In even(odd) dimensions at least one(two) of the spins should be much smaller than the rest. The ultra-spinning regime is obtained in the limit 0 ≤ a 1 , a 2 , . . . , a k  a k+1 , . . . , a N → ∞ (8) where N − 1 ≥ k ≥ 1 + where = +1 for odd-D and = 0 otherwise. Either static, with all finite angular momenta a 1 , . . . , a k vanishing, or spinning, with some a 1 , . . . , a k non-vanishing, the generic limiting black brane is
. Our focus will be on the case in which the black hole has at least two large spins and we set the remaining angular momenta to zero. When the angular momenta are equal, J k+1 = . . . = J N = J, the Ruppeiner curvature scalar blows up at
When k = k max our results agree with those of [23] . and according to [24] , this signals a thermodynamic instability. However, the expected new phase should correspond to the black membrane phase of ultraspinning black holes and not to a new branch of solutions. Indeed, we find that the divergences of the Ruppeiner curvature pinpoint the zero of the determinant of the Gibbs potential's Hessian. Also, by studying the temperature
we find that the temperature has a minimum at exactly (9), while the angular velocity Ω reaches its maximum value. Therefore for these more general ultra-spinning black holes, similarly to the singly spinning situation discussed in [9] , once the minimum is reached the temperature increases and the angular velocity decreases signaling a transition to a membrane phase. This conduct is shown in Fig. 2 (points I on the solid thin line) for the particular case of D = 7, k = 2 so j 1 = j 2 ≡ j φ and j 3 = 0.
Thermodynamic instabilities of black rings
For a black ring with one angular momentum the heat capacity can be positive definite, but the momentum of inertia is always negative [26] . Therefore, the singly spinning black ring is thermodynamically unstable. As in the case of one angular momentum, the heat capacity of a doubly spinning black ring can be positive in some region of the parameter space. However, there is a key difference when the second angular momentum is turned on. That is, the component of the momentum of inertia associated to S 1 of the black ring can become positive -this is explicitly shown in Fig. 1 .
Since there are two angular momenta one should also investigate the effect of coupled 'angular' inhomogeneities. A careful study of the determinant of the momentum of inertia matrix shows that there is no region in the parameter space with the desired properties and so the doubly spinning black ring is also thermodynamically unstable.
Membrane-like phase of black rings
For the singly spinning black ring, an analysis of the temperature as a function of the angular momentum was presented in [25] . In this case (solid thick line in the plot on the left hand side of Fig. 2) , the temperature does not have a minimum, but there exists a turning point. In our analysis, the turning point II for the black ring plays a similar role as the minimum of the temperature for the black hole. That is, it signals a change in the thermodynamic behavior of the black ring. In fact, it is the starting point of the ultra-spinning regime where the black ring can be approximated by a boosted black string. Using the Poincaré 'turning point' method, this special point was carefully studied in [25] . In particular, they found a divergence of the Ruppeiner curvature. In the conjugacy diagram (on the right) there is also a turning point II at the same minimum value of the angular momentum j φ .
The question is then if there still is a relation between the microcanonical and grand canonical ensembles in this case. We have explicitly checked, using the results of [26] , that one of the eigenvalues of the Hessian of the Gibbs potential is zero at this specific point II while the second eigenvalue never changes its sign. Therefore, we conclude that the turning point is the onset of the ultra-spinning black string phase.
A far more richer structure is found for the doubly spinning black ring. The angular momentum on S 2 is bounded as j ψ ∈ [0, 1/4] and for a specific j ψ the black ring can always be extremal (in the limit λ → 2 √ ν as shown in [22] ). But besides extremality, according to how large j ψ is, the behavior of the doubly spinning black ring changes. There are two distinctive regions in the microcanonical ensemble. On one hand, for 0 ≤ j ψ < 1/5, there are phases with the characteristic cusp for black rings with the two (fat and thin) branches. But, for 1/5 ≤ j ψ ≤ 1/4, there are no cusps, hence no fat black ring branch. This will become relevant to understand the physics and regimes of the doubly spinning black ring.
To explore how the physics of the black rings at fixed mass is modified as we turn on the angular momenta along the S 2 , j ψ , we will study the temperature and angular velocity as functions of the S 1 angular momentum, j φ , for different fixed values of j ψ .
Doubly spinning black rings with 0 ≤ j ψ < 1/5. In this case the situation is similar, to some extent, to what we found before for the singly spinning black ring. In this range, as we turn on j ψ , there also are turning points with tangents of infinite slope signaling the onset of the black membrane phase that coincide with the cusps (in parameter space), namely at But an interesting difference with the single spin black ring occurs for a large enough S 1 angular momentum. The temperature of the black ring in its membrane phase increases while the area of the event horizon decreases up to a point where the spin-spin interaction is large enough making a turn to abruptly become extremal with zero temperature. This is the maximum critical value labeled IV in Fig. 2 . Therefore, the black membrane phase exists between points III and IV . Finally, we computed the eigenvalues of the Hess [G] and found that none of them are zero the relevant turning points.
Doubly spinning black rings with 1/5 ≤ j ψ ≤ 1/4. This black rings (lightest gray line in Fig. 2 ) with larger S 2 angular momentum show no turning points and therefore have no membrane phase. This mimics its behavior in the phase diagram of microcanonical ensemble where the cusp and fat branch of these doubly spinning black rings disappear [22] . The lack of a fat black ring branch seems to coincide with the lack of a black membrane phase. Therefore such solutions would never be captured with long distance effective approaches [4, 10] .
Note that for certain fixed j ψ ∈ [1/5, 1/4] the temperature grows, reaching a maximum at V and rapidly decreasing to zero to become extremal. It would be interesting to explore the physical meaning of these points which we observe to correspond to an inflection point ∂ 2 S/∂ 2 J = 0 for fixed mass.
